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The problem

Let B C R? be a convex body containing the origin in its interior.
Given 7 > 1, we want to find a polytope with as few vertices as
possible, such that

P Cc B cC tP.

Most of the time, B is symmetric about the origin, so B = —B
and 7 measures the Banach-Mazur distance.
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The main result

Let k and d be positive integer and let T > 1 be a real number
such that

(r— VD) + (VD) > o1

k

Then for any symmetric convex body B C RY there is a symmetric

polytope P C RY with
d+k
N < s< ; )

P Cc B C 7P.

vertices such that
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Fine and coarse approximations

Varying k, we get various asymptotic regimes. We will consider
two:

d 1
eT=1+4+¢ ¢>0issmall, Nislarge and k ~ — In —.

Ve €

e N is polynomial in d, 7 ~ vd and k is fixed.
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Fine approximations

Corollary

For any
e
v > —— ~048

42

there exists € = eg(y) > 0 such that for any 0 < € < €y and for any
symmetric convex body B C RY there is a symmetric polytope
P c RY with

vertices such that
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Fine approximations

Compare with:

The “volumetric bound” (Kolmogorov and Tikhomirov 19597)

Throw as many points as possible so that the distance between
any two (in the || - ||g norm) is at least e.
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Fine approximations

Compare with:

The C2-smooth boundary (Gruber 1993):

d—1)/2
N < (1)( 2 forall 0< €< eoB).

€

~—

T 72
p=cosa=cos— ~1—

N oN2°
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Coarse approximations

Corollary

For any 0 < € < 1, for any d > dy(€), for any symmetric convex
body B C RY there is a symmetric polytope P C RY with

N < dl/e

vertices such that

P c B c (Ved)P.
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Intermediate regimes

d
7 < v4/—=In—— for an absolute constant v >0
InN " InN

(suggested to the author in this form by A. Litvak, M. Rudelson
and N. Tomczak-Jaegermann, 2012).
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Ideas of the proof: the minimum volume ellipsoid

Lemma

Let C C RY be a compact set which spans R? and let E C RY be
the (necessarily unique) ellipsoid of the smallest volume among all
ellipsoids centered at the origin and containing C. Suppose that E
is the unit ball. Then there exist points x1,...,x, € CNIE and
positive real ax, ..., o, such that

Za, xi,y)2 = |ly||®> forall yeR".

Necessarily,

Zn:oz,' =d.
i=1

This is F. John Theorem (1948).
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Ideas of the proof: the minimum volume ellipsoid

E

This produces a set X C C of
n < d(d2+ 1)

+1

points such that

< <
max |60 < max|((x)| < v max|£(x)

for any linear function £ : R — R.
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Ideas of the proof: sparsification

Let v > 1 be a real number and let xq, ..., x, be vectors in R?
such that

S iy =lyl? forall yeR.
=1

Then there is a subset J C {1,...,n} with |J| < ~d and 3; > 0 for
Jj € J such that

142
IylI? < Bilx, y)* < Yt/ lyll? forall yeRA.
y+1-2/y

JjeJ

This is Batson-Spielman-Srivastava Theorem (2008).
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Ideas of the proof: sparsification

Given a compact C C RY, this produces a set X C C of
n < 4d
points such that

max [((x)| < max|¢(x)] < 3Vdmax |((x)]
xeX xeC xeX

for any linear function £ : R — R.
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Ideas of the proof: tensorization

Let us denote V =R and let us consider the space
W=RaVaV2g...0 vk
Let us define a continuous map ¢ : V — W by
px)=1oxdx @ -@dx®k for xeV.
We consider the compact set
C={¢(x): xe€B}, ccw.

Note that C lies in the symmetric part of W, so

1 k—1 k
dimspan(C)<1+d+<d; >+...—|—(d+k )z(d—}(_ >
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Ideas of the proof: tensorization

Pick a set X C B of

d+ k
N < 4
<("2%)
points such that for any linear function £ : W — R, we have

1/2
mx L0 < maxleeell < 3(7 ") maxletoro.
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Ideas of the proof: tensorization

Define
P = conv(XU—-X).
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Ideas of the proof: Chebyshev polynomials

Recall that V = R9,
W=RaoVpVR2g.. gVvek
and ¢ : V — W is defined by
p(x)=1loxox?@ - ox® for xeV.

If £: W — R is a linear function then £(¢(x)) is a polynomial of
degree k of x.

Suppose that £ : R — R is linear such that |[¢(x)| < 1 for all

x € X. To show that [{(x)| < 7 for all x € B we would like to
construct a polynomial p of degree k such that

lp(t)] <1 if [t/<1 and |p(7)| is the largest possible.
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Ideas of the proof: Chebyshev polynomials

Define

Ti(t) = cos(karccost) provided —1<t<1

1 ko1 k
Tk(t):§<t—\/t2—1) —|—§<t+\/t2—1> provided [t| > 1.
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Ideas of the proof: Chebyshev polynomials

Writing
k . k .
Ti=> ajt', define L= a1
i=0 i=0
If £(x) > 7 for some x € B, then for that £ we get a contradiction

with
c < max|C < 3R
max £60) < maxlee(ll < 3(7 ") maxletoro.
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